We study the eigenvalues of the Weitzenbôck operator on a positively curved four-manifold, and give applications to its geometry and topology.
Theorem 3. Let M be a compact positively curved four-manifold without boundary. If M admits a parallel two-form X, then the only harmonic two-forms on M are of the form cX, c g R. Corollary .
A compact positively curved four-manifold M without boundary which has a parallel two-form X is necessarily a topological CP2.
Proof of the Corollary.
Assume first M is orientable. By Theorem 2, the only parallel two-forms on M are c ■ X, c g R. By Theorem 3, c ■ X is the only harmonic two-form on M. Hence H2(M; R) = R by Hodge's theorem. Since any positively curved orientable even dimensional compact manifold is simply connected, we obtain H2(M;Z) = Z. Hence the intersection form of M is { + 1} or {-1}. By Freedman's work [2] , M, as it has the intersection form class of CP2 or -CP2, and as M was assumed smooth, must be a topological CP2. If M is not orientable then its two-fold cover is CP2, as above. But x(CP2) = 3 = 2\(M), a contradiction. Q.E.D.
Both Theorems 2 and 3 follow from Theorem 1, a linear algebraic result which states that at any point of positive curvature, if the Weitzenbôck operator has kernel, then it has kernel dimension exactly one, and is positive definite on the orthogonal complement.
Using Theorem 3 (and not the full strength of the corollary) we can give a new proof of a result originally appearing in [1] : Theorem. A compact, positively curved, real four-dimensional Kahler manifold is biholomorphic to CP2.
Proof. Theorem 3 shows that an oriented, compact positively curved fourmanifold M, which has a parallel two-form, satisfies b2(M, R) = 1. Hence H2(M; Z) = Z and. since the intersection form is ±1, a result of Whitehead (cf. [4] ) implies that M is homotopy equivalent to CP2. According to Yau [6] , a Kahler homotopy CP2 is biholomorphic to CP2. Q.E.D.
We should also mention that an oriented four-manifold with a parallel two-form X is automatically Kahler (an appropriate constant multiple of X ± * X will serve as the Kahler form). However, we never use the fact that M, if oriented, is complex, since our ultimate goal is to try to understand the number of harmonic two-forms, where no complex structure is available a priori.
We would like to express our gratitude to Dick Randell and Dennis Roseman for many helpful topological discussions. In particular, if p. is parallel (V/x = 0), then it is also harmonic (Aju = 0) and (2) reduces to ¿%kp = 0. We now examine (1) in case r = 2. Using the fact that R ° u. = -p° R, R acts as a derivation on Ar(TpM), and the Bianchi identity, (1) yields that S$2 acts on A2(TpM) as follows:
where X¡, v¡ g TM, i, j = 1,2, and Rie = Ricci curvature. Note that ¿%2 is symmetric. Our change from two-forms (elements of A2(7^,M*)) to two-vectors (elements of A2TpM) is just a matter of notational convenience. We have used the metric dual, X = p.* g A27;M, with X = EJÇ A Xp X" X¡ g TpM, in the "simple"
case X = Xx A X2. Throughout most of the rest of the paper we shall simply identify two forms with two vectors.
2. Theorems and proofs. Suppose now r<0in R2Y = rY. Writing Y = cos \pfX2 + sin tp/34, fi orthonormal, and arguing as before, we find (6) y=(V2/2)(/12+/34).
We can define a *-operator at p by declaring that {ex,e2,e3,e4} is + oriented. Then * X = X and * Y = ± Y according as {/i,/2,/3,/4} is ± oriented. Suppose first that * Y = -Y, and write Y relative to the (e¡) basis. We obtain where K13 = KX2 + KX4 + K23 + K34, and all these terms are taken relative to the orthonormal {F¡} basis. Adding (11) to (12), using the Bianchi identity, and the scalar curvature p = 2£, «. , K¡¡, we obtain This final contradiction shows that r > 0.
